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ABSTRACT 


Curves  are  presented  giving  the  even  mod",  fringing  capacitance,  the 
odd  mode  fringing  capacitance,  and  thfu  difference  between  odd  and  even 
mode  fringing  capacitances  for  wide  ranges  01  thickness  and  spacing  of 
rectangilar  bars  'entered  between  parallel  plates  '  mplc  formula?  are 
<M  ven  relating  these,  capacitances  to  even  and  odd  mode  characteristic 
impedances  of  coupled  rectangular  bain  Possible  applications  to  strip 
line  a  ed  o  t  !i  •  •  •.  •. ;  •  ■  ,  >.  -  arc  g;.  s :  i  .  in  n 

An  appendix  gives  the  derivation  of  the  fringing  capacitances  by  con 
form  1  mapping  techniques  The  results  are  exact  for  bars  extending  in 
width  infinitely  far  from  the  coupling  region,  and  have  only  small  error 
(less  than  1.24  percent)  for  bars  whose  width  is  greater  than  about 
35  percent  of  the  difference  between  plate  spacing  and  bar  thickness 

Some  previous  wo^rk  for  the  Signal  Corps  done  at  Stanford  Hesearch 
Institute  presented  design  theory  for  lower  or  upper  sideband  up- 
converters  for  use  as  electronically  tunable  filters  Such  devices  were 
shown  to  ha"e  wide  tuning  range  capability  when  designed  using  a  wideband 
signal  input  impedance-matching  filter,  a  moderately  wideband  pump  input 
impedance  matching  filter,  and  a  naiiow-band  output  filter  Voltage  con 
trol  of  the  tuning  can  be  achieved  by  using  a  voltage  tunable  pump 
oscillator,  since  the  pump  frequency  will  control  the  frequency  that  will 
be  accepted  at  the  input  of  the  amplifier  A  trial  strip  line  lower 
sideband  up  converter  was  constructed  using  the  previously  developed  theory 
The  measured  3  db  bandwidth  tuning  range  was  38  5  percent  as  compared  to 
40  percent  for  the  design  objective,  and  the  peak  gam  »a>.  mm  me 

input  band  center  was  946  Me  while  the  Sideband  output  was  i  ‘  '  " 

The  noise  figure  has  not  yet  been  measured  but  an  estimated  '  1  -it  ,ai.i  db 
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I  INTRODUCTION 


Work  on  several  preceding  contracts,  of  which  this  present  contract  is 
an  extension,  included  the  development  of  design  techniques  for  the  pre¬ 
cision  design  of  various  types  of  couplers  and  filters  using  parallel- 
coupled  lines.  Quarterly  Progress  Report.  1  on  this  contract  presented 
various  design  data  for  filters  formed  from  erruys  of  parallel  coupled 
conductors,  such  as  occur  in  irterdii?’ t al  line.  One  very  attractive  way 
of  constructing  directional  couplers  or  filters  using  such  parallel- 
coupled  line  structuies  is  to  have  the  individual  lines  consist  of  rec¬ 
tangular  bars  crme;..'  j)e,  yets  j.'jiaiici  ground  pianes.  The  data  preset* 
in  Sec.  II  of  this  report,  make  possible  the  precision  design  of  such 
rec t angu 1 ar - bar ,  paral loi-coupled  lines.  The  data  given  will  also  be 
useful  lor  determining  the  capacitance  of  many  other  structures  having 
right-angle  corners. 

One  of  the  problems  being  studied  on  this  project  is  means  for  de¬ 
signing  electronically  tunable  microwave  filters.  In  the  past  a  study  was 
made  of  the  feasibility  of  using  variable-capacitance  diodes  as  voltage 
controlled  capacitors  in  filter  circuits.  In  principle  one  can  use  capac¬ 
itors  to  obtain  vol t age  -  tunable  filters,  but  our  studies  showed  that 
presently  available  capacitors  have  too  low  a  Q  to  be  cf  much  use  for 
voltage-tunable  microwave  filters,  though  they  should  be  useful  at  lower 
frequencies . 

Work  is  continuing  on  the  use  of  f er r imagnet 1 c  resonance  in  vttrium- 
iron-garnet  resonators  which  provide  means  for  designing  filters  that  can 
be  tuned  by  varying  a  DC  biasing  magnetic  field.  This  approach  appears  to 
hold  considerable  promise  for  electronic  tuning  applicr- ions  at  frequencies 
around  2  Gc  or  above. 

Some  previous  work  on  this  project  dealt  with  design  tl.i.ic  *  tit- 
vu r :  '.ijle-capaci tsnce  diode  up-converters  for  use  as  electronically  tunable 
ii  It.,  rs.  The  amplifier  ia  tuned  by  adjusting  the  pump  frequency,  where 
the  :.:,mp  oscillator  would  be  of  the  voltage-tunabl  e  type.  Using  the  pre¬ 
viously  developed  design  theory,  a  Iowei -sideband  up-co-vei • er  ho-  been 
built  and  tested.  The  device  and  its  measured  performance  nv  described 
in  Sec.  III. 
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II  COUPLED  RECTANGULAR  BARS  BETWEEN  PARALLEL  PLATES 


A  GENERAL 

In  working  with  shielded  strip  line,  it  .s  sometimes  desirable  to 
coupie  center  conductors  having  appreciable  thickness  The  cross  section 
of  a  typical  structure  of  this  type  is  shown  in  Fig  1 1  - 1  There  are  two 
parallel  ground  planes  spaced  a  distance  6  apn:*,,  and  two  rectangular  bars 
located  parallel  to  and  midway  between  'he  ground  plane  It  is  well 
knownlri*  that  TEM  propagation  along  such  a  structure  can  be  described  in 
terms  of  two  orthogonal  modes  usually  denoted  the  even  mode  and  the  odd 
mod®  T  i.  •  b*  •:  r-n  a  .vis  b-tli  conductor »  see  at  the  same  potent*.'*  j  . 

while  in  the  odd  mode  the  rente*  conductors  are  at  opposite  potentials. 

Wnli  respect  to  the  ground  planes  These  .wo  TEM  modes  have  different 
v  ha !  a  :  ter  is  1. 1  .  impedan-.es.  which  a*  nit.nia  :ci  y  related  to  the  static 
apacitan.es  of  the  bars  to  ground  These  .apa.itan.es  are  given  conven¬ 
tionally  as  parallel  piare  capari-.an.es  between  bar  and  ground  planes  and 
fringing  capacitan.es  from  ends  and  carat'*  of  the  bars,  as  indicated 
s ;  henta'i  tally  in  Fig  II  1  This  report,  presents  graphs  of  the  fringing 
capacitances  for  the  two  modes  fo  w.de  ranges  of  bar  thickness  and  spa  ing. 


FIG.  I!-1  COUPLED  RECTANGULAR  eARS  CENTERED  B1  I  WcEN 
PARALLEL  PLATES 


Reltrtftce*  •-«  lifted  at  .h«  end  ct  the  report 


The  curves  are  based  on  an  exact  conformal  mapping  solution  for  bars  ex¬ 
tending  in  width  infinitely  far  from  the  coupling  region,  and  are  appli¬ 
cable  with  negligible  error  for  rectangular  bars  whore  widths  are  greater 
than  about  0.7  times  that  of  the  gap  between  the  surface  of  a  bar  and  the 
nearest  ground  plane. 

R.  TECHNICAL  DESCRIPTION 

The  characteristic  impedance,  Z  a  ,  of  a  loss!  ss  uniform  transmissi  o-.i 
line  operating  in  the  TEM  mode  is  related  to  ita  shunt  canacitance  byl 


?c7d  ohms 


<  1 1  - 1  > 


where 


*■:  .  is  the  relative  dielectric  constant  of  the  medium  in 
which  Lhe  wave  travels 

vj  is  the  impedance  of  free  space  ■  376.7  ohms 

C/e  is  the  ratio  of  the  static  capacitance  per  unit  length 

between  conductors  to  the  permittivity  (in  the  same  units) 
of  the  dielectric  medium  (This  ratio  is  independent  of  the 
dielectric  constant.) 

The  even  and  odd  mode  impedances  of  coupled  TEM  lines1'*  can  be  found  by 
substituting  e< cn  and  rid  mode  capacitances  of  the  lines  into  Eq .  (III). 


A  generalized  schematic 

diagram  of  shielded  coupled  C,.i 

strip  transmission  line  is  (  ^ _ _ ..../  j 

shown  in  Fig  1 1  -  2 .  The  cir- 

cles  represent  the  coupled  r°*  =  ~  "p  l"#* 

conductors.  The  capacitance  I _ _ 

to  ground  for  a  single  con  “  „  . 

due  tor  when  both  conductors 

S!>  ,t  the  same  potent, al  is  F,G  GENERALIZED  SCHEMATIC  DIAGRAM 
(' r  .  'he  even-mode  capaci- 

t n ii i  c  The  rapacitarire  to  ground  when  the  two  conductors  are  oppositelv 
<liaij.  d  with  respect  to  ground  is  C  ,  i  he  odil  r»>(ie  caper  1 1  a.iee . 

The  structure  of  Fig.  II  1  ,s  i  (imposed  of  parallel  plana,  surfaces  * 
This  makes  it  practical  to  consider  the  total  capacitance  of  a  given  strip 


FIG.  11-2  GENERALIZED  SCHEMATIC  DIAGRAM 
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to  bp  composed  of  pa ra  1  le 1  - p 1 ane  capacitances  plus  appropriate  fringing 
capacitances.  (Fringing  capacitances  take  into  account  the  distortion  of 
the  field  lines  in  the  vicinity  of  the  edges  of  the  plane  strips.) 

Figure  1 1  - 1  relates  the  various  capacitances  to  the  geometry  of  the  struc¬ 
ture  under  consideration.  Thus,  it  can  be  seen  that  the  total  even-mode 
capacitance,  C0(/e,  from  one  bar  to  ground  is 

coe/e  -  2 (Cp/e  +  C‘fJe  +  C.‘,U)  (II  2) 

and  the  total  odd-mode  capacitance,  C  /€ ,  iron,  one  bar  to  ground  is 

C  /e  *  2(C  /£  +  C,  /e  +  C'/e).  { 1 1  -  3  > 

0  0  P  )  O  J 

In  Fas.  (TT  2.  ...  2;  *  ...  ^ i -piste  capacitance  1 

the  top  or  bottom  side  of  one  bar  to  the  nearest  ground  plane,  (7*  is  the 
capacitance  ta  ground  from  one  corner  and  half  the  associated  vertical 
wall  in  the  coupling  region  of  a  bar  for  even  mode  excitation,  C^o  is  the 
capacitance  to  ground  from  one  corner  and  half  the  associated  vertical 
wall  in  the  coupling  region  of  a  bar  for  odd-mode  excitation,  and  C ^  is 
the  capacitance  to  ground  from  one  corner  and  half  the  associated  vertical 
wall  away  from  the  coupling  region  of  a  bar  for  any  excitation.  Considers 
tion  of  Fig.  1 1  -  2  and  the  definitions  of  even  and  odd  mode  capacitances 
show  that  the  capacitance,  AC'e,  from  one  bar  to  the  other  is  given  by 

AC/e  ■  —  (C  /e  -  C  /e)  .  ( 1 1  -  4) 

ty  o  a  o€ 

Subtraction  of  Eq.  (11-2)  from  (II  -  3  >  shows  that  A C/i  can  be  written  en 
tirely  in  terms  of  the  fringing  capacitances  as 

AC/e  *  C'/t/e  -  c;,/e  (115) 

Figure  1 1  -  3  is  a  plot  of  both  even-mode  fringing  cupac.  1 c  .  .  . 

C'j'/e  .  and  the  capacitance,  AC/e,  between  bars  as  functions  ot  hr  i 
ne.;  and  spacing  while  Fig.  1 1  - 4  is  a  similar  graph  for  the  odd-mode 
frltging  capacitance,  C'^/e.  The  derivation  of  Figs.  U-d  and  1 1  -  4  is  de¬ 
scribed  in  the  Appendix.  Figure  1 1  -  5  gives  the  f-  •  ."ji  •.  .tie  i  lance  , 

C^/e,  from  the  outer  edges  of  tbe  bars  as  a  function  ■  f  t*  .  .  '••«e-.  .  I'He 
parallel  plate  capacitance,  Cp/e,  is  given  by 
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FIG  115  "RINGING  CAPACITANCE  FOR  AN  .EuLATED  RECTANGULAR  BAR 


1  -  t  'b 


( II • 6  1 


where  i u  am)  t  are  the  width  and  thickness  of  the  I.ar .  Through  the  use 
of  the  above  relations  and  f  ig.tt  •>*.  it  is  possible  to  relate  physical  d; 
mens  ions  of  the  gi  veil  on f i gurat i on  to  even-  and  odd  mode  <  apa.  ;:.■••  «  . 
l  m  p  e  d  a  n  i;  e  s 

L  tSE  of  the  graphs 


L^ially  an  engineer  designing  para!  lel-coupied  lin<  fi-ii  de.-’rmiio 
the  viihies  of  even  and  odd  mode  impedances,  Z  and  .  r.i  .  r,  .  ..J 


.'Life-' 


7 


odd-mode  capacitance*,  CB<*nd  C##,  as  required  by  theoretical  considerations. 
He  then  wishes  to  determine  the  corresponding  physical  line  dimensions.  A 
simple  procedure  accomplishes  this.  Using  Eq.  < 1 1  - 1 )  in  Eq  ( 1 1 -  4 )  gives 


(I  I  -  7) 


Values  ot  b  and  t  are  selected,  end  used  with  the  value  of  AG/c  found  froai 
Eq.  ( 1 1  -  7 )  to  determine  t/b  directly  from  Pig.  .1-3.  Next,  is  deter¬ 

mined  by  i.sing  ZQt  in  Eq.  (II-l),  and  then  C^,/£  and  C',  /\  are  found  from 
t/b  and  from  the  graphs  of  Figs.  11-3  and  11-5.  These  quantities  can  !>' 
substituted  into  the  following  equation  to  give  w/b: 


1  U  .  r 

2  l  b. 


C'f/€  -  C'f/e 


(f 1-8) 


Equation  ( 1 1  -  8 )  results  from  substitution  of  Eq .  (11-6)  into  Eq.  (II-2) 
and  rearrangement  of  terms. 

Thus,  the  two  unknown  dimensions ,  s/b  and  w/b,  have  been  determined. 


i).  CONS  I  DERATIONS  OF  ACCURACY 

I  f  the  br.r  width,  w,  is  allowed  to  become  too  small,  then  there  is 
interaction  of  the  fringing  fields  from  the  two  edges,  and  the  decomposi¬ 
tion  of  total  capacitance  into  parallel  plane  capacitance  and  fringing 
cr.pac  i  tances  (which  are  based  on  infinite  bar  widths),  is  no  longer 
accurate.  Cohn1  shows  thnt  for  a  single  bar  centered  between  naralle) 
planes,  the  error  in  total  capacitance  from  interaction  of  the  fring'ng 
fields  is  about  1.24  percent  for w/(b  -  f)  *  0.35,  where  w  is  the  width  of 
the  bar,  t  is  its  thickness,  and  b  is  again  the  ground-plane  spacing. 

If  u  maximum  error  in  total  capacitance  of  approximate  ly  ti....  .ing:,;t 
is  rllowed,  then  it  is  necessary  that  [(»/b)/(l  ~  t/b)i  -*  u. 3£ 

Should  this  inequality  be  too  restricting,  it  is  possible  to  make 
upn-oximste  corrections  based  on  increasing  the  psrsl lel-pltfe  capacitance 
to  -jcmpensate  for  the  loss  of  fringing  capacitance  due  to  interaction  of 
fringing  fields.  If  si,  initial  value,  wj/b  is  found  to  bo  less  ». '  an 
0. 35 [1  -  (t/b)],  a  new  value,  Wj/b  can  be  used,  where 


w./b  •  {  0 .  07  1 1  "  (t/b)]  4w,/b)/1.20 


(II  9) 


provided  0. 1  <  (t»j/6)/[l  ~  (t/6)]  <  0.35.  This  formula  is  baaed  on  a 
linear  approximation  to  the  exact  fringing  capacitance  of  single  thin  atrip 
for  a  (w/6)/(l  -  (t/b)]  ratio  between  0,1  and  0.35.  As  the  relative  strip 
width  becomes  narrower  than  0.35,  the  fringing, capacitance,  defined  as 
total  capacitance  less  parallel  plate  capacitance,  becomes  smaller.  The 
total  capacitance  is  given  by  substituting  into  Eq.  ( I I ~ 1 )  the  exact  thin- 
strip  formula  for  Zo  given  in  Ref.  6.  Equation  ( I I - 9 )  adds  sufficient 
paral 1 e 1 - p 1st e  capacitance  to  compensate  for  the  loss  of  fringing  capaci¬ 
tance.  The  loaa  of  fringing  is  assumed  to  very  '.inearly  below  a  relative 
width  of  0.35.  Although  the  formula  is  analytically  only  approximate,  it 
is  sufficiently  accurate  for  practical  use  because  it  does  no  more  than 
give  a  small  correction  to  a  quantity  thf.t  is  reasonably  close  to  the 
exact  value.  7  -  <-;.••  1  *  -  1  ;  -  *>  -  . '  :  t  . J  - ,  x  ,  .  ’  .  ■* 

The  derivations  for  the  fringing  capacitances  are  exact  for  bars  ex¬ 
tending  xn  width  infinitely  far  to  the  right  and  left  away  from  the  coupling 
region.  The  original  computed  values  were  accurate  to  eight  places.  However, 
in  order  to  give  values  of  fringing  canritanci*  associated  with  constant  t/b, 
it  was  necessary  to  use  graphical  interpolation,  as  pointed  out  xn  the 
appendix.  The  plotted  points  were  held  to  an  accuracy  of  three  figures  alter 
the  decimal  point,  so  that  the  interpolated  results  are  slightly  less  ac¬ 
curate.  The  curves  of  Fig.  1 1  -  3  and  1 1 - 4  are  accurate  to  within  about  one 
or  two  percent.  However,  since  fringing  capacitances  are  usually  not  the 
predominant  part  of  the  total  capacitance  of  a  structure,  total  capacitance 
can  be  specified  with  somewhat  greater  accuracy. 

Figure  1 1  -  5 ,  for  the  fringing  capacitance,  C|/e,  of  a  ringie  bar  ex¬ 
tending  infinitely  far  in  one  direction,  is  based  on  an  exact  solution 
given  Dy  Cohn.1  The  same  data  can  be  found  from  Figa.  11-3  and  II-4  by 
reading  either  or  C'^/t  as  functions  of  t/b  for  large  s/b.  The  ac¬ 

curacy  of  Fig.  1 1  -  5  is  thus  limited  by  the  precision  to  which  the  graph 
can  be  retd. 

E .  APPLICATIONS 

Figure*  II-3,  II-s,  and  1 1  -  5  for  fringing  capacitances  can  be  used  for 
a  v_. iety  of  structures,  as  shown  in  Fig.  II -6,  simply  hy  adding  the  appro¬ 
priate  fringing  capacitances  with  the  parallel  capacitances  to  give 

the  even-mode  capacitance,  the  odd-met*’?  capacitar--**,  ,  ,»t<n  capaci¬ 

tance.  Use  of  Eq.  (II-l)  then  gives  the  associated  characteristic  impedance. 
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FIG.  11-6  POSSIBLE  APPLICATIONS 


Thu*,  (a)  i.i  Fig.  1 1  -  6  shows  ordinary  shielded  strip-line  and  the  capaci¬ 
tances  involved  when  it  is  open,  closed  at  one  end,  or  closed  it  both 
ends.*  The  structure  closed  at  one  end  is  some tines  called  trough-line, 
the  structure  closed  at  both  ends  is  sometimes  called  rectangular  coaxial 
line.  Similarly,  the  even-  and  odd-mode  capacitances  and  impedances  can 
be  deterauned  for  the  coupled  structures  shown  in  (b)  of  Fig.  11-6  for 
open  or  closed  end?.  This  simple  technique  may  also  be  applicable  when 
the  arms  of  an  N- wav  power  divider  in  shielded  strip-line  must  run  par¬ 
allel  for  some  distance,  as  shown  in  plan  in  (c)  of  F'~  JT-A  Tf.*>  -ven- 
sto.l.  fringing  capacitance,  C'^t  ,  would  then  be  appropriate  r-r  amneent 
edges  of  the  arm* 


Tli*  nutatioa  i*  Fif.  Il-t(a),  aaS  So**  act  iaSUata  1..  natal 

t  hat  ty(  it  te  b*  avalaataS  at  S(/»  or  ai  ifpro^rioto  for  ':1m  spacing  Jr' >e  tb*  u<  *rby  •«!!. 
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Both  even-  and  odd-mode  fringing  capacitances  would  be  necessary  for 
multi  -  el ement  lines,  such  as  are  shown  in  (d)  and  (e)  of  Fig.  1 1  -  6 .  The 
cross  section  shown  in  (d)  could  be  part  of  a  meander  or  interdigital 
line,  while  that  in  (e)  might  be  part  of  a  finite  or  infinite  array  of 
elements,  which  might  be  used  as  an  artificial  dielectric  medium. 

The  curves  given  herein  can  be  used  in  the  design  of  wide-band, 
paraj  lel-coupled,  strip- transmission- 1 ine  filters,  such  as  described  by 
Matthaei.4  Also,  Bolljahn  and  Matr.haei5  have  presented  design  data  for 
slow-wave  structures  and  filters  using  parallel  coupled  arrays  of  line 
elements.  Some  realization  of  those  devices  use  relatively  wide  rec engu  - 
lar  bars  to  form  an  ir.terdigit.ai  line,  comb  line,  meander  line,  or  similar 
slow-wave  line.  In  such  cases,  the  curves  given  herein  greatly  facilitate 
the  process  of  Dre/-i«icn 

Another  application  of  coupled  rectangular  bars  is  to  strip-line 
directions'  couplers,  'icsrribed  by  Jones  and  Bolljahn2,  in  which  the  use 
of  rectangular  bats  allows  closer  coupling  to  be  achieved  with  less  critical 
tolerances. 


Ill  AN  EXPERIMENTAL  ELECTRONICALLY  TUNABLE  UP- CONVERTER 


A.  DESCRIPTION  OF  THE  DEVICE 

The  up-converter  discussed  herein  achieves  electronic  tuning  over  a 
wide  bandwidth  by  use  of  a  wideband  signal  input  circuit,  a  wideband  pump 
input  circuit,  and  a  narrow-band  lower  sideband  output  circuit  Per  a 
signal  to  be  pasaed  by  the  amplifier,  the  frequency  relation 

f  ■  /'  -  /;  uii-D 

must  be  satisfied,  where  /  is  the  signal  input  frequency,  f*  is  the  pump 
frequeny,  and  f'e  is  the  output  frequency.  Since  the  frequency  f'9  is 
fixed  by  the  narrow-band  output  circuit,  the  input  acceptance  frequency 
can  be  controlled  by  varying  the  pump  frequency.  With  the  use  of  a 
vo  ltage- tunable  pump  oscillator  such  as  a  carcinotron,  the  amplifier  can 
be  made  to  be  voltage  tunable. 

Figure  1 1 1  - 1  shows  a  aemi-lumped  equivalent  circuit  for  the  amplifier. 
The  voractor  diode  ia  resonated  in  aeries  by  cascading  it  witpi  a  transmission 
line  having  a  high  characteristic  impedance  (Z e  ■  207  ohms).  Inthecircuit 


>  TOCS  A  NO  OUTPUT 
>0‘  ■  40ST  Me 


FIG.  IN-1  EQUIVALENT  CIRCUIT  OF  THE  UP-CONVERTER  DISCUSSED  HEREIN 
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as  shown,  the  diode  and  high-Z0  line  exhibit  series  resonance  at  /„ ,  the 
center  of  the  input  frequency  band,  and  also  at  ,  the  center  of  the 
pump-frequency  band.  On  the  left  is  a  shunt  resonator  which  is  also  res¬ 
onant  at  /„  .  The  shunt  resonator  on  the  left  plus  the  /0  series-resonance 
of  the  diode  circuit  provide  a  two-resonutor-input  impedance-matching 
filter.  The  shunt  resonator  on  the  right  (which  is  resonant  at  /5 )  along 
with  the  /g  series  -  resonance  of  the  diode  circuit  provide  a  two  -  resonator 
impedance-matching  filter  for  broadbanding  the  pump  circuit.  At  the  top 
of  Fig.  II.I-l  is  shown  an  output  resonator  that  has  loose,  capacitive 
coupiing.  This  resonator  has  a  sharp  resonance  at  the  lower  -  s.  i dcband 
frequency,  f'g,  and  provides  th:.  requited  lower  -  sideband  termination  apd 
output  circuit.  Design  theory  for  electronically  tunable  ur>  -  converters 
of  this  sort  has  beep  presented  previously.6,7 

Figure  f 1 1  -  2  shows  a  simplified  drawing  of  the  strip  transmission¬ 
line  realization  of  the  ireuit  in  Fig.  Ill  1.  The  diode  used  is  a 
Hughes  i!N896  diode  in  k  computer  type  of  package.  The  0. 020 - i nch-di ameter 
wire  leads  of  the  diode  provide  the  high-Z^  line  to  resonate  the  diode. 

The  input,  shunt-tuned  circuit  is  realized  as  a  short  inductive  stub  in 
parallel  with  a  capacitor  block  having  thin  dielectric  at  its  top  and 
bottom.  The  shunt-tuned  resonator  at  the  pump  input  in  Fig.  I I I - 1  was  re¬ 
placed  by  a  modified  form  of  resonator*  consisting  of  a  nominally  quarter- 
wavelength  line  with  inductive  coupling  to  the  diode  circuit  and  capacitive 
coupling  to  the  pump  input  line.  The  lower-.sideband  resonator  is  of  the 
half-wavelength  type,  with  capacitive  coupling  to  the  diode  circuit  and  to 
the  output  line.  C.apac i 1 1 ve 1 y  couple^  ha  1 f - wa ve 1 engt h ,  band-stop  res¬ 
onators  were  added  at  the  pump  and  signal  input  lines  to  prevent  £ny  leak 
age  of  the  lowe r - s i debar.d  signal.  The  signal  input  line  (on  the  right' 
had  a  step  transformer  to  raise  the  input  impedance  from  50  to  62  ohms. 

Figure  1II-3  shows  a  photograph  of  the  strip-line  amplifier  with  its 
cove"  plate  removed.  it  had  been  planned  originally  to  use  a  quarter- 
wavelength  resonator  for  the  1  over-  s  ideband  output  utilizing  *no«'-t.’.  vc 
coupling  to  the  diode  circuit  and  capacitive  coupling  to  the  «vt- 
This  However,  did  not  prove  ent  i  re  ly  sat  is  f  ac  tory  ,  since  it  w;  .  J.ilic.iAt 
to  ir»ke  the  inductive  coupling  as  tight  as  desired.  As  a  result,  the 
tom>  hat  makeshift  half -wavelength  output  resonator  shown  in  Fig.  1 1 1  -  3 
was  inserted,  using  capacitive  coupling  both  enus.  it  w-*.s  nec-asarv 
to  make  this  output  resonator  S-shaped  in  order  to  ms:.  <:  in.  i n  o  the 
space  available.  Provision  was  made  for  applying  external  bias  to  the 
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FIG.  111-2  SIMPLIFIED  DRAWING  OF  THE  STRIP-TRANSMISSION  LINE 
ELECTRONICALLY  TUNABLE  UP-CONVERTER 


diode  by  use  of  a  fine  wire  lead  seen  at  the  left  in  Fig.  fil'd,  but  the 
device  wus  operated  with  the  diode  IXl-bius  connection  open  •  r.  1  rru  1  ted  . 

This  method  of  operation  provides  self-bias  when  the  diode  xs  pumped. 

B.  MKASURKD  PKRFOHMANCK 

For  a  device  of  this  type  to  be  practical  it  is  necessary  that  an 
impedanc e ~ma t c h i ng  filter  be  used  to  broaden  the  bandwidth  of  the  pump 
input  circuit.6,7  Since  most  of  the  pump  energy  xs  absorbed  in  the  diode 
resistance,  which  is  quite  small,  and  since  the  reactance  slope  of  the 
d i ode - c i rc u 1 1  resonance  at  the  pump  frequency  is  quite  large,  a  bro;  db.i  r.u , 
low-VSWR  .natch  is  not  possible  However,  the  reflection  loss  can  be  kept 
to  a  minimum  and  made  to  be  quite  uniforn  across  the  required  pump  band 
width  by  use  of  a  proierlv  declined  impedance -mat chi nt  f’<ter.  Figure  T  T I  -  4 
snows  cue  rei lection  loss  in  the  pump  channel  of  the  amplifier,  as  com^uleJ 
from  measured  VSWR,  The  reflection  loss  is  seen  to  be  constant  within 
tO.  2  db  from  4.  R  t  to  Vi'fi  (j^ 

Figure  III  -  5  shows  the  measured  tuning  characteristics  of  the  amplifier. 
The  points  on  this  response  were  obtained  by  setting  the  pump  frequency,  and 
then  adjusting  the  single  input  frequency  until  an  output  frequency  of  ex 
actly  4,03?  Me  was  obtained  The  output  frequency  was  held  directly  to 
4,037  Me  since,  in  typical  rases,  an  amplifier  of  this  sort  might  be  fol¬ 
lowed  by  a  superheterodyne  receiver  of  quite  narrow  bandwidth  All  of  the 
points  were  mken  with  an  lii  idrnt  pump  lu-nr  ie  el  of  67  mw  in  order  to 
simulate  operation  wiih  a  pump  soi.’ie  having  constant  incident  output  power. 
This  level  of  pumping  is  less  than  '.her  giving  maximum  gain  but  it  should 
be  about  right  for  optimum  noise  figure 

The  tuning  bandwidth  of  the  amplifier  :s  seen  to  be  33.5  percent  which 
is  in  satisfactory  agreement  with  the  design  value  of  4U  percent.  The  peak 
gain  of  12.6  db  was  chor.en  as  a  practical  compromise  value.  ; Higher  gain 
can  oe  achieved  by  adjusting  the  coupling  of  the  1 o*et - s 1  dehand  output 
rest  o.ator .  )  Since  about  0  db  of  he  gam  is  due  to  t.h.  I  .  quen.  ;  iuiio 

f  0/ f  0  1  negat  ;•'«=-  resistance  component  of  gain  is  ■<»  ;  •  . 

t  h*  ‘  of  most  parametric  amplifiers,  which  makes  the  ampiiftc.  itlalivriy 
insensitive  to  termination  VSWR.  However,  even  with  a  gain  of  around 
10  11,  the  amplifier  can  sti  j  1  serve  as  a  low-noise  r rtarnp 1  : if  1 e r  as  well 

as  tii  1  elect  eon  ’  tuner. 
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REFLECTION  LOSS 


FIG.  lii  4  REFLECTION  LOSS  AT  PUMP  INPUT  PORT 


FIG.  MI  S  MEASURED  TUNING  CHARACTERISTICS  OF  UP-CONVERTER 
(The  output  frequency  was  hold  fixed  at  4037  Mr  L>''  •'-*  f»”» 
frequency  was  varied  lor  each  input  frequency;  incident  pump 
power  was  a  constant  67  mw.) 
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C  NOISE  FIGURE 

At  m ; dba  nd  the  resonatois  of  the  input  and  output  filters  are  at  res¬ 
onance  so  tliat  the  filter  c.r:nt.s  present,  purely  real  mnedances  to  the 
time-varying  component  of  the  dicde  capacitance. 6,7  tor  purposes  of  analysis 
the  circuit,  can  then  be  reduced  to  the  simplified  i  irtuit  in  fig  Ill  6. 

In  tliat  figure  Rbn  is  the  resistance  presented  by  the  input  filter,  R'i0 
is  the  resistance  coupled  in  by  tnc  1  owe  r  s  i  dehu  nd  o.tt  put  resonator  /?,  '  s 
the  diode  resistance  plus  any  oilier  series  resistance  seen  at  tie  ni*dbi.nd 
input  frequency  f  ^  ,  while  /( 1  is  the  diotle  tf  -ic  mi  e  p!u-  tiny  otb’.i  ‘.etrev 
resistance  seen  at  the  lower  sideband  f.  equeiK  ,  I  he  box  mat  bed 

(,V.j.V,j'tj  represents  the  coupling  effect  ol  the  t  .rue  ■  a  ■  y .  ng  (  omponent  of 
the  diode  capacitate  and6’ 
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i  I,  e  I  on  r  i  e  r  •  se  i  t  es  i  ,i  i  i  t  a  in  e  <  oe  f  f  it  l  flit  s  a  ini  <■  •  ate  ile  1  t  lied  a  -  in 

dicated  by  the  expression 


C(t  i  »  t;0  t  2C .  tie  ( 2"/v  t  ’  :  > 


t  111  -  li 


fur  l  lie  t  apai  1  t  an:  e  of  a  pumped  diode  In  I'  I  g  111-6.  H  %  and  /l,  a  :  e  li.it  b 
assumed  to  lie  at  temperature  7'(  but  I!  6  0  and  /f  t  f  muv  !e  at  otliet  t  <  nip*  I  a 
lures  T  anil  T '  ,  respe.  t  l  ve  1  \ 
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FIG  It:  6  OFFINITION  OF  PAnnHit.iEio  l-OR  DETERMINING 
THE  AMPLIFIER  MID-BAND  NOISE  FIGU'fL 


Using  the  above  definitions  it  can  be  shown  that  the  midband  noise 
figured' a  lowe  i  -es  i  Jeba  nd  up  -  cor.ve  r  t  e  r  is* 
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where 
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It  *  end  a 1  » 


For  the  amplifier  der.-ibcu.  approximate  values  for  the  various  parameters 
are  /?k0  *  62.3,  H'k6  *  11.5,  /J//0  -  4.27,  -  410,  fl,  «  4,  and 

/?'  *  4.75.  The  R  t  and  /?'  values  given  include  diode  resistance  plus  esti¬ 
mated  resistance  due  to  input  and  output  circuit  loss.  Assuming  that  the 
amplifier  and  the  terminations  are  all  at  the  same  temperature  so  that 
a  ■  « '  «  1 .  the  estimated  midband  noise  figure  is  then  2.1  db.  The  noise 
figure  will  change  some  at  tuning  frequencies  other  than  midband,  but  it 
should  not  vuty  much  within  the  operating  band. 

Figu-e  I/I-7  shows  a  possible  way  of  operating  the  amplifier  when 
extremely  high senai tivity  is  desired.  I n  this  circuit  a  circulator  is 
used  at  the  t ower - s i deband  output  so  that  a  "cold”  termination  can  he 
introduced.  Uecent  data9  indicate  that  at  •*  Gc  the  sky  has  a  temperature 
of  about  3°K.  Thus,  the  cold  termination  could  be  obtained  by  pointing  a 
directional  entt-nna  at  the  sky.  In  this  manner  the  circuit  shown  in 
Figure  1 1 1  -  7  would  provide  a  cold  termination  for  the  lower  sideband,  while 
at  the  same  time  providing  a  readily  accessible  output  p  Ail.  *  »i  ■  *  ■  -iul 
woi.id  also  cause  any  excess  noise  from  the  superheterodyne  re.-,  i  • 
radiat'd  to  the  iiv,  which  would  prevent  such  excess  noise  fro-  •i-gr..d •  itg 
the  up-converter  noise  figure.  An  isolator  is  shown  at  the  input  of  the 
up  - ..  ...nve  rt  e  r  which  would  make  the  system  absolutely  stable,  regardless  of 
the  .nrnit  termination. 


Tbn  •vpriisiioa  miuhi  th«t  lb#  (inly  noi 
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FIG.  ill-7  P3$S!3!_c  SYSTEM  FOR  HS'Nfi  ELECTRONICALLY  TUNABLE  UP-CONVERTER 
WHERE  EXTREMELY  High  SENSITIVITY  IS  DESIRED  (The  circulator  and  the 
antenna  pointed  at  the  shy  are  introduced  to  give  an  extremely  low  noise  figure. 

They  are  not  essential  to  the  operation  of  the  system.) 

Inking  7’a  *  !\  *  2‘tO'k,  while  assuming  T'  *  53k,  then  2  *  J  and 
o'  «  0.01725.  The  estimated  noise  figure  for  the  up-converter  in  Fig  I  1 1  -  7 
is  then  0.58  db  If  t  lie  isolator  at  the  input  had  1.0  db  insertion  loss, 
this  noise  figure  would  le  raised  to  l.°8  db  Assuming  that  the  fixed 
tuned  superhetex cdvne  receiver  has  a  noise  figure  of  7  db,  the  midband 
system  noise  figure  would  then  be  2  78  db  (assuming  11  db  midband  amplifier 
gain  as  indicated  in  Fig  III  5). 


Laboratory  p. otedures  to  measure  t lie  noise  figure  of  the  amplifier 
have  been  started,  bin  they  have  not  been  completed  at  the  time  of  this 


%  * 


,+  iriAi 


i  i 


a.,  i 

.  i 


IV  CONCLUSIONS 


A.  COUPIED  RECTANGULAR  BARS  BETWEEN  PARALLEL  PLATES 


The  charts  of  fringing  capacitances  presented  should  be  useful  for 
a  large  variety  of  microwave  engineering  problems.  Some  applications  of 
immediate  interest  are  the  precision  design  of  irectional  couriers  using 
parallel- coupled  rectangular  bars  between  ground  planes  and  interdigital 
line  filters  consisting  of  parallel  arrays  of  bars  having  rectangular 


cross  sections. 


B.  ELECTRONICALLY  TUNABLE  UP-CONVERTER 


The  experimental  electronically  tunable  up-converter  performed  very 
much  as  predicted  by  the  previously  developed  theory.6,7  Approximate 
calculations  previously  presented6,7  indicate  that  ic  should  be  practical 
to  design  such  devices  lor  tuning  talipes  as  large  as  an  octave.  The 
previous  estimates  along  with  the  results  presented  herein  show  that 
electronic,  ily  tunable  up- converters  provide  a  practical  way  to  obtain 
electronic  uning  for  large  bandwidths  in  frequency  ranges  extending  from 
a  few  megacy,. ’es  up  to  the  range  where  the  garnet  filters  being  studied 
on  this  conti act  can  be  used  for  electronic  tuning  (2  Gc  and  higner). 

By  using  the  i ew  high-i^  diodes,  and  possibly  by  using  diodes  in  a  push-pull 
configuration,  electronically  tunable  up-converters  having  input  fre¬ 
quencies  significantly  above  2  Gc  may  be  possible.  The  estimated  noise 
figure  of  the  trill  amplifier  indicates  that  it  has  potential  value  as 
a  low-noise  proamp  ifier  as  well  as  an  electronic  tuner. 
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PROGRAM  FOR  IRE  NEXT  INTERVAL 


It  is  anticipated  that  the  work  for  the  next  interval  will  include: 

(1)  Further  work  on  filters  wi ; h  magnetically  tunable 
srarnefc  resonators 

(2)  Further  work  on  intcrdigital  line  ij!t  ra 
(3 /  ’*ork  on  band-stop  filters 

(4)  Work  on  microwave  filter  book. 
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APPENDIX 


DERIVATION  OF  FRINGING  CAPACITANCES 

1.  PRELIMINARY 

It  is  desired  to  determine  the  static  fringing  capacitance.-.  shown  on 
the  structure  of  Fig.  II -1  by  means  <■  f  conformal  mapping  techniques.  10,11 
Thi-.  can  be  done  by  subjecting  the  boundaries  of  the  structure  to  trans¬ 
formations  under  which  capacitance  is  invariant,  and  that  lead  to  a  new 
st  *•«<•*  it  -  ;  .  f-t»  t  -  ptvitar.i-c  »»  Known.  c>ui>t  rac  t  i  on  of  parallel  plat, 

capacitances  of  the  original  structure  from  the  totoi  '-apacitencc  then 
leaves  the  fringing  cap.-c • : trees.  The  analysis  will  be  limited  to  struc¬ 
tures  in  which  the  bars  are  so  wide  that  interaction  between  fringing  fields 
of  the  two  edges  of  a  single  bar  are  negligible.  As  discussed  in  Sec.  1 1  -  D , 
this  requires  that  the  approximate  relation  {(v/b)/[l  “  (t/6)]}  >  0.35. be 
held.  Under  these  conditions  it  is  possible  to  let  the  bars  extend  in  width 
infinitely  far  to  the  left  and  right  without  disturbing  the  fringing  fields 
appreciably  in  the  coupling  region  where  the  cap .c  i  ta  in  es  interact.  The 
vertical  centerline  shown  on  Fig.  1 1  - 1  may  be  replaced  by  an  electric  wall 
(conductor)  is*  the  odd  mode,  or  by  a  magnetic  wall  for  the  even  mode,  in 
consideration  of  the  symmetry  of  the  structure.  Also,  the  electric  field 
can  lie  parallel  to  the  horizontal  centerline  where  no  conductor  exists, 
bu*  cannot  cross  it  because  of  the  symmetry.  Therefore,  a  magnetic  wall 
can  be  placed  along  the  horizontal  centerline.  These  modifications  allow 
analysis  of  only  one-quarter  of  the  total  symmetrical  structure.  The 
mathematical  model  is  shown  on  the  z-plane  in  Fig.  A-l.  Conductors  are 
indicated  by  solid  tines  and  magnetic  walls  by  dashed  lines.  The  upper¬ 
case  letters  denote  pertinent  points  of  the  structure  and  «ui-.  soil- 
refcences  when  transformations  to  different  complex  planes  aic 

The  analysis  consists  essentially  in  transforming  the  contours  of  the 
sl'l-iture  on  the  z-plane  into  a  parallel-plate  representation  on  another 
compiox  ;lane,  where  capacitance  can  be  computed  directly. 

The  static  electric  fields  of  interest  lie  withi.  i!-r  ^.,)ygon  defined 
by  the  boundaries  of  the  structure  on  the  z-piane.  The  interior  of  this 
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FIG.  A1  MATHEMATICAL  MODELS  ON  i-PLANE, 
'•PLANE,  AND  u-PLANE 


polygon  is  to  lie  mapped  onto  the  first  quadrant  of  the  t-plane  shown  m 
Fig.  A-l.  The  integral  resulting  from  direct  use  of  the  Schwarz- 
Chnstoffel  transformation  is 


(1  -  t2) 


J  (1  -  2)  '(I  -  k2t2  sn2  a) 


where,  for  the  present,  1  / It  and  l/(k  sn  a)  sre  the  point.-:  on  cl.  •  ’ 

•svi«  to  which  the  corner  F  and  the  point  ~j'e  „iap  from  the  z-plane  . ,. .  - 
iitegeal  can  be  evaluated  by  further  relating  the  first  quadrant  of  the 
f-pin  ■■  to  the  interior  of  the  fundamental  rectangle  of  Jacobian  elliptic 
functions  on  the  u-plane,  also  shown  on  Fig  A  1  .  >,.g  t;.t  .  , a^sfcmation 


t  ■  s  n  u 


--<*  -A- 
fct-r.-  •  •  •' 


w 


>  >  ■  ■> 
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This  substitution  gives 


: 2  an2  u  sn2  a 


In  the  above  equations,  sn  u  and  cn  u  are  Jacobian  elliptic  functions 
having  a  quarter • period  4 K  determined  by  k,  denoted  by  convention  as  the 
modulus.  By  virtue  of  Eq .  (A-2),  a  can  be  considered  to  be  a  point  on 
the  perimeter  of  the  fundamental  rectangle  on  the  u-plane.  It  is  conven¬ 
ient  to  let 


K  '  J0 


by  definition.  I'l*  ' 


d  n»  iiiuepenuent  vanah 


The  mapping  of  the  2-plane  onto  the  t-plane  in  this  manner  bus  been 
carried  through  by  Cock. oft  12  whose  symbols  are  retained  in  Fig.  A-l  and 
in  the  equations  given  in  this  section.  The  distances  on  the  z-plane  are 
given  by  Cockroft  as 


K  fl  -  - - 

1_  4  2  an 


sn  a  cn  a 


^  A 2  sn  a  cn  a 


( A  -  6 ) 


K'  v 

~  J  J 


*  k7  sn  a  cn  a 


(r1) 


It  should  be  noted  that  ,%  is  s  negative  quantity  and  h  an  imagir.cry  one. 
The  quantity  dn  a  is  also  a  Jacobian  elliptic  functio-  end  7(a)  i-  rhe 
JacoSi an  Zeta- function.  The  quantity  K'  is  the  same  fu:u  ti m  the 
complementary  modulus  k1  ,  aa  f  it  of  i.  The  moduli  etc  i'-iuUi.  ... 

It3  +  *'2  ■  1.  ( A-  8 ) 


Comparison  of  Fig  11-1  with  Fig.  A-1  shows  that  the  conventional 
normalized  dimensions,  s/b  and  t/b,  of  the  rectangular  bar  structure  are 
related  to  Cockrofl’s  dimensions,  <1 ,  g,  and  h,  hy 


S  /  b 


t  lb 


(  A  -  9 ) 


Thus,  the  physical  dimensions  e£  the  .-,1  uoture  of  Fig.  II  -1  have  been  re 
lat^d  to  the  parameters  of  the  u-plane  by  Fqs.  (A  5)  ,  ( A - 6 ) ,  ( A -  7 ) ,  and 

<  A  -  0 ) 


Now  it  is  necessary  to  transform  the  t-piane  to  a  pa ra 1 1 e 1  - p 1  a t e 
structure,  :\:d  determine  fringing  c«r.aci  tince*  as  functions  of  u  plane 
pa  r  a  mete  rs 

2  01)1)  MODE  CAPACITANCE 

The  two  rectangular  bars  in  Fig.  1 1  - 1  are  at  equal  and  opposite 
voltages  when  energized  in  the  odd  mode,  so  that  the  plane  midway  between 
the  bars  is  at  zero  potential.  Thus,  a  conductor  may  be  placed  in  this 
plane  without  disturbing  the  fields.  This  is  indicated  by  the  solid  line 
between  E  and  !  on  the  planes  of  Fig.  A-l.  For  this  condition,  the  f -plane 
configuration  can  lie  transformed  to  a  pa ra 1 lc 1  - p 1  a t e  structure  of  unit 
height  hy  the  function 


w 


1  /ltffcsna 

-  In - 

n  \l-fksna 


(A- 10) 


which  moves  the  singularity  at  AC,  to  infinity.  The  interesting  region  of 
the  w- plane  is  shown  in  Fig  A -2 
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ture  (total  capacitance  is  tlie 
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and  the  pa ra 1 1 e 1 • p ] a ne 


FIG.  A-2  w-PLANt  FOR  uOD  MODE  O.-ACii  ANCE 


capacitance  of  the  i-plane  structure.  A  reasonable  definition  for  2-plc.ne 
parallel-plate  capacitance,  Cf f ,  is  para  1  lei -plate  capacitance  existing  be¬ 
tween  the  ground  plane  and  the  full  length  of  the  rectangular  bar. 
Mathematically, 


lint  Ittiz/ g) 

t--j  at 


Then  the  odd-mode  fringing  capacitance,  Cl0/e,  is 


(All) 


r 


C.  0/e  -  lim  [*(*)  " 


(A- 12.) 


where  *(2)  is  given  by  Kq  .  (A-1.0)  related  to  the  2-plane.  In  order  to 
ev»l»s>  -  C’  .*  ..ctcAMt.v  that  both  vi  and  lmf  z/g)  be  expressed  as 

functions  of  u.  The  limit  must  also  be  in  terms  of  u.  From  Fig.  A-l  it 
can  be  seen  that  us  1—/*'  p.lcng  the  path  from  C  to  A,  then 
u  -  K  *  jK‘  -  ilong  the  path  from  C  to  A.  Thus 


1-^ 


C/o/e  * 


?(u)  ~  ft 


Substitution  of  F.q.  (A-2)  into  Eq .  (A-10)  gives 


±  In  (l~^ 
v  -  k 


1  +  k  an  a  sn 
1  “tsnasnu/ 


(A-l 3) 


(A- 14) 


1AF1 


The  limiting  process  is  simplified  by  letting 


u  *  K  +  jK‘  ~  jP  -  jS 


(A- 15) 


where  S  -  0  us  u  -  K  +  jK‘  -  j/3  along  the  path  from  C  to  A  Assuming 
very  email  S,  and  using  various  elliptic  function  equivalences,  £.u_li  as 
may  be  found  in  Ref.  13,  Eq .  (A-l 4 )  reduces  to 


-  in  2 

72 


1  .  /  cn  o  dn  a\  1 

"  l"  ~J - ~  *n 

77  \  811  a  /  77 


(A- 16) 


-ft**. 


Cockroft  ’  s  12  Eq  .  (44)  gives  2(8)  as 


2(8)  ■  (K  +  jK‘  -  jfi) 


1  (in  u 


dn  a 


7.(a) 


k‘  sn  a  cn  a 


(A  17) 


in 


h  2  sn  a  cn  a 


_ eQ-.y'  -  ;8> 


Using  Eq .  ( A- 17 )  witli  Eq.  (A-6>,  and  passing  to  the  limit  of  8  approaching 

rero,  gives 


r*f  •••'"!  r'. :  1  ; 

■-  —  j  -  ~  p)  1-  ~  —  7Aa)  |  +  —  ln  Q()K‘  ~  2jfi) 

h-0  L  If  J  [g  ■”  j  -n 


!C  1  2 kk'K  1 

—  -  —  in - In  8  . 

4K  .  Tv  „  v  77 


( A  - 1 8 ) 


in  Eqa .  ( A - 1 7 )  and  (A-18),  the  term  8  is  Jacobi’s  Theta  Function. 14  Now 
Eqs.  (A-16)  and  (A-18)  can  be  substituted  into  Eq.  ( A  - 1 3 ) ,  yielding 


,  1  ,  2j  sn  a  1  2 kk'K  K' 

C'/f.  -  -  in  — - - - +  —  In - +  — 

■  v  cn  a  dn  a  27t  tt  4 K 


(A-19) 


+  <*'  -  /3) 


—  *(«)  -  - 
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-  -  in  8{;K'  -  2jfi) 
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This  is  the  final  form  in  which  odd-mode  fringing  capacitance  will  be 
presented. 


3  EVEN-MODE  CAPACITANCE 

The  two  rectangular  bars  in  Fig.  Ilel  are  at  the  name  potent  • 
en.. \'gi*ed  in  the  even  mode,  so  that  no  electric  field  crosaes  the  plane 
mid  ay  between  them.  Thun,  a  magnetic  wall  may  be  placed  in  this  plane 
without  disturbing  the  fields.  This  is  indicated  bv  t '  .»  d*«hfd  line  be¬ 
tween  R  and  F  on  the  planes  of  Fig.  A-l.  The  upper  he!"  -  "  * h*  ^!ane 
is  mapped  into  a  strip  of  uni^  height  on  a  t  j  plane  in  such  1*.  manner  that 
the  singularity  at  AG  is  removed  to  infinity  by  the  transformation 
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(A  20) 


Tlie  t  ^  -  plane  is  shown  in  Fig  A  3.  Notice  that  the  upper  half  of  the 
f-plane  maps  into  the  strip  directly  below  the  He  tj  axis.  lhe  positive 
half  of  this  strip  is  next  mapped  onto  the  lower  half  of  a  t 2  plane,  shown 
in  Fig.  A- 3,  by  the  transformation 


.1/  -  1  +  .1/  c  os  h  vt  i 


( A- 2 1 > 


where 


c  n  2  a 


1  +  r  os  it  Tit  ,  (F) 


( A -22) 
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FOR  EVEN-NODf  CAPACITANCE 
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Finally,  the  desired  pa ra 1 le 1  -  pi  a te  configuration  is  achieved  by  mapping 
the  lower  half  of  tlie  t2-plane  onto  the  positive  half  of  a  strip  of  unit 
■  ci;  lit  on  the  w, -plane,  using  the  transformation 


cos!'  (-(,) 


(  -  vn ) 


lhe  K'j-pinne  is  also  shown  on  Fig.  A-3.  C'.omhi i ng  Kqs.  (A-2),  (A-.0!)), 
( A - 2 1 ) ,  (A- 22),  and  (A- 23)  gives  »)  as  a  function  oJ  u: 


Ur ,  (u)  *  —  arc  cosh 

v 


r  n j 

I  c  n  ‘  a  j  n  ‘  a  (i  sn  a  sn  ul'  +  1  1 

{ l  t  -  • - - —  >  (A-ii; 

sn!  a  sn!  o  U  sn  8  sn  c)!  *  1 J 


As  witl  the  odd  mode,  it  is  convenient  to  use  the  variable  ?,  defined 
by  Kq.  (A-i.i),  in  passing  to  the  limit.  V.'he'i  F.q .  ( A  - 1 5 )  is  substituted  into 

Kq .  (A -24)  and  appropriate  approximations  made  for  small  S,  manipulation 
yields 

ir  (u)  «  -  In  2  *  ~  ln  (~J  - - - ■)  ~  -  In  h  ( A  -  2  5 ) 

i^lu)  „  ln  1  +  77  V  sn  a  dn  o/  n 


Using  the  definition  of  i-plnne  par a  1 1 e 1  - p 1  a t e  capacitance  given  in 
Kq.  ( A - 1 l ) ,  the  even-mode  fringing  capacitance,  C'^/e  is 


c;.  ,  Til  i  t(u)_ 

«  5-0  [  1  P  , 


(A- 26) 


Substitution  of  Eqs  (A-25)  and  ( A - 1 8 )  into  Kq.  (A-26)  yields,  after 
s  impl i f lent  ion , 

Cf.  1  /  ~2j  cn  n\  1  2 kk'K  *' 

-  -In  - - ; -  +  -  In  — .  +  — 

€  n  Van  a  dn  a /  2n  v  4 K 

(A- 2?: 

,  ,  \~2 }7.U)  ll  1 

♦  (K  -  p)  M - -  -  In  «(;V  -  2j/  ) 

L  77  pj  v 

This  is  the  final  fora  in  which  the  even-mods  fringing  capacitance  will 
be  given. 
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4.  DIFFERENCE  OF  FRINGING  CAPACITANCES 


The  difference  between  fringing  capacitances,  C'^/e  -  G^/e,  is  a 
very  useful  quantity  because  n.  most  coupled  structures  it  is  also  half 
of  the  difference  between  total  odd-mode  and  even-m.de  capacitances  This 
difference  is  found  by  subtracting  Eq.  ( A - 2 7 )  from  E|  (A-19),  yielding 


C' 


<  0 


e 


I  A- 28) 


S.  EVALUATION  OF  FORMULAS 

The  curves  of  C'f,/e  rinu  C‘^/€  ~  as  functions  of  s/6  and  t/b 

were  determined  in  the  following  mRnner.  Values  of  0  <  k  <  l  were  selected 
f  -  ...  ic "  tti  at  determined  K,  K1  ,  and  k'  Then  for  each  value  of 
fe,  a  range  of  values  of  fi/K  ‘  was  selected  from  t  ah  1  es 15  r.  ha  t  gave  sn(/3,fe'). 
cn(p,k'),  and  dnlC.fc''.  Those  functions  are  related  to  sn  a,  cn  a,  and 
dn  a  by 


s n (a, k  ) 


_ 1_ 

dn  (£•*.  k'  ) 


cn( a , k ) 

dn ( a  ,  k  ) 


sn (/>,  k!  ) 

*  i k  - - — 

dn(/i  ,k  ) 

^ ,  cn(p,k' ) 
dn (/*,  Dr  *  ) 


(A-29) 


The  7.c ta  function  can  be  expressed  as 
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where 


k'  ) 
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(A- 30) 


r  a 


<1  1 


The  Theta  functions  were  evaluated  using  a  Fourier  series  expansion.12 
VaK.i  of  t/b,  s/b,  C'i  f  /  e  andC^,/e  -  C^r/e  were  then  calculated  from 
Kq.‘.  (A- 9 j ,  <  A- 27 )  .  and  (A  -  28  )  and  j  lotted  in  function  of  ,  K'  ,  will  h 
as  parameter.  Values  of  t/b  were  selected  to  be  used  ,.i  pnrc-^t  .rs  on 


the  final  graph,  and  the  related  values  of  k  and  fi/K'  were  taken  from  the 
t/fc  graph  and  tubulated.  The  values  of  k  and  jl/K'  at  each  point  were  used 
to  determine  related  values  of  s/6,  C'ft/e,  and  Cj0/e  -  C'f,/e  from  their 
graphs.  In  this  way  it  was  possible  to  compile  values  of  s/6,  C'f,/e  and 
C'f0/e  ~  C'f(/e  for  constant  t/6.  This  compilation  was  used  to  plot  the 
final  sets  of  curves  shown  in  Figs.  IT-3  and  II-4. 
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MENLO  PARK,  CALIFORNIA 


STANFORD 

RESEARCH 

INSTITUTE 


Regional  Offices  and  Laboraiofi.s 


Southern  California  Laboratories 

*  'Q  Mission  Street 
South  Pasadena,  California 

Washington  Officf. 

808  I  Vtli  Street,  N.W. 

Washington  >,  D.C. 

New  York  Office 

-70  Park  Avenue,  Room  1770 
New  York  17,  New  York 


Dki  roit  Office 

The  Steven*  Building 
102S  Hast  Mn.le  Road 
Birmingham,  Michigan 

European  Office 

Pelikanstrasse  .17 
Zurich  1  Switzerland 


Representatives 


Honolulu,  Hawaii 

Finance  Factors  Huildini 
19.r»  South  King  Street 
Honolulu,  Hawaii 

London,  Ontario,  Canada 

8.*’>  Wychwood  Park 
Pondon,  Ontario,  Cam  da 


London,  England 

l.r»  Ahbotsbury  Ooae 
l^ondon  W.  14,  Kngland 

Milan, Italy 

Via  Macedonio  Mellon!  40 
Milano.  Italy 


